Introduction. New, general methods are given to find numerical solutions for extremal problems in the calculus of variations and optimal control theory. Theoretical methods are derived and used to establish pointwise a priori error estimates with maximum error at the node point, ||e||oo, equal to 0(h 2 ) and a Richardson error of 0(h 4 ). This is done under the weak assumption that there are no conjugate points on the interval and not under the usual convexity assumptions.
be, respectively, the numerical solution to our problem and the numerical admissible variation, and utilizing the linearity of y(t) in (2), we have the algorithm
We note that (4) is a block tridiagonal system of equations which is easily solved in practice by Newton's method with the accuracy described in Theorem 2 below. For the two-point boundary value problem with x{a) = The first theorem involves long, but elementary calculations with local truncation error, see [4] . The proof of this result is too long and difficult to be given here and will appear elsewhere. A brief sketch is as follows. Using Theorem 1 and (4) we obtain an (approximate) second variational problem. This is a linear system AhEh = /i 3 Q + 0(/i 5 ), where Ah is a block tridiagonal matrix, Eh is the m(N -1) error vector, and Q(a k ) is the fcth component of Q, described above. Extensions of the author's quadratic form theory [1] and generalizations of results for ordinary differential equations by the author and Zeman [3] lead to an error of the form Hü^l^ < C/i 3 / 2 . Using these results it may
